This paper constructs a model for the evolution of a risky security that is consistent with a set of observed call option prices. It explicitly treats the fact that only a discrete data set can be observed in practice. The framework is general and allows for state dependent volatility and jumps. The theoretical properties are studied. An easy procedure to check for arbitrage opportunities in market data is proved and then used to ensure the feasibility of our approach. The implementation is discussed: testing on market data reveals a U shaped form for the local volatility" depending on the state and, surprisingly, a large probability for strong price movements.
Introduction
The connection between the absence of arbitrage and equivalent martingale measures, rst noted by Harrison and Kreps 1979 , has led to a deep understanding of the pricing of derivatives depending on the proposed model. Models extending the now classical Black Scholes setup become more and more sophisticated, and allow for time state dependent and stochastic volatility o r e v en for stock price jumps. These address model risk" in the presence of crashes," smiles," volatility surfaces" and other empirical shortcomings in the data see Bakshi, Cao, and Chen 1997. In this paper we are interested in choosing the correct model from a second level perspective. Such an approach is known by practitioners as reverse engineering" or as inverse problems" see Chriss 1997. Today's actively traded plain vanilla options can beseen as correctly" priced. We take them as inputs to infer how the market prices risk. Here, we are interested in a model which explains the observed plain vanilla option prices in the market and is immediately implementable in practice to price other derivatives. Instead of estimating a continuous time model that will befurther discretized to price complex derivatives, we think of a direct estimation of discrete models and restrict ourselves to those where time and asset space are discrete.
Here, we suppose that discounted asset prices can be modeled by a discrete Markov c hain. This approach rst appeared in a paper by Zipkin 1993 for the valuation of mortgage backed securities. It has recently been used in a series of papers related to credit rating instruments Jarrow, Lando, and Turnbull 1997 and Du e and Singleton 1998. A Markov chain approach is sufciently exible to handle a wide class of di erent models; it is a natural approximation of models with time and state dependent volatility and jumps see Kushner and Dupuis 1992 . It is also a generalization of binomial and trinomial trees. Breeden and Litzenberger 1978 were the rst to infer information from option prices: the risk neutral marginal density in terms of the second derivative of option prices with respect to the strike. Jackwerth and Rubinstein 1996 , Dumas, Fleming, and Whaley 1998 , Buchen and Kelly 1996 , and Melick and Thomas 1997 , among others, were interested in the practical implementation of this approach. More recently the problem to infer the dynamics of the underlying has been addressed: Dupire 1996 and Derman and Kani 1995 relate the local volatility of the risky asset price to partial derivatives of the option prices; Rubinstein 1994 constructed a binomial process consistent with observed prices at one date; Carr and Madan 1998 addressed this problem in a model with time and state dependent v olatility. In a series of papers, Kani 1995, Derman, Kani, and Chriss 1996 and  Kani 1998 study binomial and trinomial models. Although their approach is closely related to ours, their proposed algorithm, unfortunately, can lead to negative probabilities. They claim this de ciency is due to arbitrage opportunities present in the data and override them by some arti cial value see Barle and Cakici 1995 for a discussion. The assumption of all these approaches is that a continuous set of call option prices, indexed by strike and exercise date, is available. Another criticism is that in practice a continuous data set is usually obtained by numerical interpolation from a discrete set of observed option prices. Unfortunately these approaches rely heavily on the choice of the smoothing technique. Moreover, once a continuous process has been estimated, this one would have to be discretized again to price derivatives. Di erently, but in line with our view, Avellaneda, Friedman, Holmes, and Samperi 1997 assume only a discrete data set. However, their assumption of the underlying model either in the form of binomial trinomial models or a continuous one dimensional di usion seems to be too restrictive see Dumas, Fleming, and Whaley 1998 . Our major criticism is that all previous approaches assume that the risky security price can be modeled through a scalar di usion process, excluding jumps.
We assume, as did the previous authors, that markets are information ecient in the sense that there are no riskless pro ts for free, and use this no arbitrage" principle to price derivatives. However we have to guarantee that this assumption actually holds in the data. It is a well known and necessary condition for absence of arbitrage that the option prices are decreasing and convex in the exercise price and are non decreasing with the exercise date. A contribution of this paper is to prove the converse implication. This is a simple check for the presence of arbitrage opportunities in data sets.
We extend the notion of Arrow Debreu securities to our dynamic case and show that the dynamic market can betransformed to a static one by introducing extra assets that correspond to the martingale restriction. This allows us to relate the no arbitrage" principle to the feasibility of our approach. Together with our characterization for the absence of arbitrage opportunities, this can beeasily used to check that our approach is valid. Our analysis extensively uses superreplication ideas. Taking into account the consistency constraints with observed option prices narrows the bid ask spread in our case compared to Cvitanic and Karatzas 1993 , El Karoui and Quenez 1995 , and Cvitanic, Pham, and Touzi 1998 . Moreover our direct examination of the underlying probability structure allows for a thorough analysis of arbitrage violations and explicitly prevents the arbitrage problems, resulting from a simple implementation of the approach of Dupire 1996.
Finally, we address in detail the implementation of our approach. Once the feasibility of our approach has been ensured, we apply Bayesian estimation to infer a unique Markov Chain. We prove that standard results in the static case see, e.g., Buchen and Kelly 1996 still apply in our discrete framework. This leads to a simple expression of the risk neutral probabilities and makes the implementation straightforward. Looking at the data set of Avellaneda, Friedman, Holmes, and Samperi 1997, we nd a U shaped form for the local volatility" and surprisingly, evidence that jumps are necessary to explain the data appropriately.
The paper is organized as follows. Section 2 introduces our setup and basic notation: it discusses joint, conditional and marginal probabilities, risk neutral Markov chains, and their consistency with the set of observed option prices. Section 3 studies tests for arbitrage opportunities, risk neutral measure, and consistent superreplication prices in the static market case. Section 4 shows how the dynamic market can be transformed to a static one and discusses the set of attainable assets, dynamic arbitrage opportunities and their relation to superreplication. Section 5 presents a tractable way to test for the absence of arbitrage opportunities in the observed set of option prices. Section 6 considers the choice of a martingale measure consistent with option prices in a dynamic market and its implementation using the data set of Avellaneda, Friedman, Holmes, and Samperi 1997. The paper concludes with section 7. Proofs are postponed to the appendix.
The Market Model
The basis of the paper is today's observation of the future contract and a set D = f l ; K l ; C l jl = 1; : : : ; L g of observed option contracts written on asset S. Here C l is the price of the call option with maturity l ; i.e., the contract paying S l , K l + at time l if S is the the price of the asset at that time. 1 We assume that the law of one price holds: for each K there is at most one t; K; C 2 D. We will also denote by K t def = fKjt; K; C 2 Dgthe set of strikes at date t; by D t def = fK ;Cj~ ; K ;C 2 D ;~ = tg the set of contracts with maturity t; and by D K def = ft;C 2 D j ~ ; K ;C 2 D ;K = Kg the set of contracts with strike K. We assume that all observed prices are discounted, taking a bond as numeraire. This sets apart interest rates in the analysis.
De nition 1 Assume there is a nite alphabet = fs 1 ; : : : ; s N g, a discrete set of dates T = f0; 1; : : : ; T g, as well as sequences = t t2T nT , = t t2T . We further assume for date t, that t denotes the set of nodes at t and that t is a stochastic matrix on t t+1 , i.e. a j t j j t+1 j matrix where elements are nonnegative and rows sum to one. 1 We could allow for put options. However by put call parity all put options in the data set could be replaced by their corresponding call prices. So we adopt this assumption further without loss of generality.
We call such a triplet T ; ; a Markov chain Market Model MCMM.
The asset grid will be denoted A def = N t2T t . A derivative asset X i s a r andom variable on A. In practice 0 = fS 0 g, since today's asset price is observed, and 0 is a degenerated stochastic matrix. Nevertheless we i n troduce it for simplicity. A n y time t 2 T , nodes are ordered, and we index them either by their corresponding numberor directly by their corresponding node.
The set of all derivative assets is a linear state space that can be identi ed with I R jAj , where its dimension is the numberof linearly independent paths. The Euclidean basis of the state space can be seen as the set of Arrow Debreu securities, i.e. the securities paying one unit of numeraire conditionally on the realization of some path.
An MCMM describes the dynamics of the risky asset process S = S t t2T on A through the probability measure P de ned by A D MCPM summarizes our approach in that we take the observed set D as an input. Condition K t t re ects our choice for the states of the Markov chain. Here, we require that for any observed strike a t t there is a node which is identical to it. There are certainly many di erent w ays to choose the nodes in relation to strikes. This does, however, not a ect the results in this paper. Our choice is just a very simple one to keep track of them in the exposition.
Unless otherwise explicitly noted, K t = t holds. In general we omit t when referring to a D MCPM, in order to focus on the problem of inferring .
The following extension of the set of nodes is necessary. A call put option with strike equal to the highest lowest node s max t s min t has zero payo . Thus in the absence of arbitrage, their price must beequal to zero. This can not be the consistent outcome of a D MCPM. Therefore we introduce two dummy nodes, s min t and s max t , with corresponding prices, Ct; s max t = 0 and Ct; s max t = s max t ,S 0 2 . Later in section 6 we explain in detail how t o c hoose the additional strikes s max t ; s min t in relation those already existing one's.
2 These prices are such that put call parity holds, since the interest rate was supposed to equal zero. For a time homogeneous grid, the two extreme states s min t and s max t need to be absorbing for the process to be risk neutral, i.e. P S t 0 = s min t jS t = s min t = P S t 0 = s max t jS t = s max t = 1 see also Sondermann 1987 and Sondermann 1988 . In practical applications, however, the grid will spread out and the extreme states are not absorbing.
The Static Market
This section studies both the transition between today and a xed date t 2 T and then the market with D = D t and T = f0; t g. We call this the static market, as there is no conditional dynamics in the future. Many of the results here are well known. However we recall them here to introduce the main concepts useful in the dynamic case in an easy framework.
A D t MCPM in this market is completely de ned by a probability measure t on t i.e. t s 0 and P s2t t s = 1 that is consistent with the prices of traded assets.
Property 4 The observed option prices are decreasing and convex, i.e. for any C;K; C 0 ; K 0 ; C 00 ; K 00 2 D t with K 00 K 0 K :
Please note that the property of decreasing call prices ensures positive option prices, since the call price at the highest nodes s max t was set equal to zero. For an inner node K 2 t n f s min t ; s max t g, let us consider a so called butter y spread with payo B based on the three adjacent traded strikes K , K K + K , def = max k;C2Dt;kK k;K + def = min k;C2Dt;kK k a n d a p a yo equal to one at K, i.e. BK = 1 and 0, otherwise. For K = s min t and K = s max t , we consider call spreads. The positive p a yo of the butter ies at inner nodes has the price
This translates directly into property 4. If there is a complete set of observed option prices, i.e. t = K t , these butter ies form a basis of the payo space: it is then straightforward to prove the following lemma 5. Otherwise, there will be nodes for which no option contract can be observed. Then we can introduce dummy call options for the missing strikes, with a price equal to the linear interpolation of the adjacent ones.
Lemma 5 3 There exists a risk neutral marginal density t at date t if, and only if, property 4 is ful lled.
Moreover, in a complete market with property 4, the prices t s; s 2 t of path independent Arrow Debreu securities with payment date t are uniquely determined. For any s 2 t n f s min t ; s max t g, we have
min t and max t have a more complicated form due to boundary e ects which we do not exhibit here. So property 4 allows check for arbitrage opportunities and for the existence of a risk neutral measure t in this static market.
When there are fewer traded strikes than nodes, there is not a unique price at which a call option with strike K 2 t n K t can be consistently priced without introducing arbitrage opportunities. Similarly t is not uniquely determined. However, it is straightforward to prove the following linear interpolation bounds Lemma 6 In the static case the superreplication price of a call option with strike K 2 and maturity t 2 T is given by the linear interpolation
The associated probability puts non zero probability weights only on traded strikes and zero elsewhere.
This superreplication price is very di erent from that obtained in a standard stochastic volatility model, where it is equal to the trivial price S 0 . The departure is due to the use of traded options; consistency with these option prices restricts the set of risk neutral measures and, thus, the no arbitrage bounds on calls are narrowed.
Remark 7 In the case of a call option payo , we have an explicit characterization of the superreplicating portfolio and price. This can be extended to the case of any concave payo X. The superreplicating portfolio is obtained a s t h e linear interpolation of points fK;CjC; t; K 2 D g .
The Dynamic Market and Arbitrage Opportunities
This section transforms the dynamic market into a static one. The martingale condition corresponds to constraints on assets we i n troduce. We also describe the linear subspace of all path dependent p a yo s made of attainable claims by static or dynamic strategies. We restrict ourselves here to the case of a market with T = f0; 1; 2g.
Transforming to a ctitious static market
Let us now i n troduce our path dependent static market. It is a ctitious market in which the states are 1 2 . The payo in state s; s 0 2 1 2 depends on the joint occurrence of state s at date 1 and state s 0 at date 2. The payo structure of all assets is then a matrix. The basic securities are the following:
For a pair s; s 0 2 1 2 let us consider the path dependent Arrow Debreu security dep s;s 0 , paying 1 unit of numeraire at date 2 if the asset is in state i at date 1 and in state j at date 2, and 0 otherwise. Their price will be denoted by P s;s 0 . This can be interpreted as the probability of occurrence for that speci c path.
In the ctitious market, the standard path dependent Arrow Debreu security 1 s at date 1, paying 1 unit in state s is described by the payo matrix Let us further introduce for any s 2 1 the contract s between two parties: if the asset price is in state s at date 1, both exchange a bond with face value s and an asset, where it is speci ed that the holder" receives the bond. At date 2 the option seller buys the asset back from the holder at the then prevailing market price. This is just a trading strategy where the bond is used to transfer the payments such that there are neither initial nor intermediate payments. So in the absence of arbitrage, the price of the contract must be 0. This introduces j 1 j new assets.
These conditions on the price of assets s are actually su cient for a probability measure to bea martingale measure. This can beseen as follows: The payo at date 2 of contract s is S 2 , s1 S 1 =s . Its price can be rewritten as De nition 8 The set of investment strategies is I = IR j 2 j IR j 1 j IR j 1 j . For any strategy ; ; 2 I , the claim paying s 0 + s + s s 0 in state s; s 0 will be denoted by X ; ; and its price at date 0 by P ; ; . Proposition 9 Let us assume that we observe a set of options with 1 = K 1 and 2 = K 2 . This characterizes the claims attainable through static investments in traded options in more detail: any attainable claim can bereplicated by buying s 0 units of the path independent Arrow Debreu security s 0 at date 2, s units of the path independent Arrow Debreu security s at date 1, and s units of stocks conditional on being in state i at date 1. The set of attainable claims in the dynamic market is thus equal to the set of attainable claims in the static market where the extra assets have been introduced. In the sequel we will always adopt the static viewpoint t o t h e dynamic problems.
Above w e explained that the martingale condition translates into a consistency condition on the prices of these extra assets. It is well known that the existence of a state price density in the ctitious market consistent with D and additional assets is equivalent to the absence of arbitrage opportunities in the static market. This is a standard result in nancial theory which can be found in any textbook see, e.g., Du e 1992, ch. 1. We have used this approach in the case of static markets. In the two period case studied in this section, all probabilities in the ctitious market can beassociated with a Markov chain: dependence on a path is exactly the dependence on the state at date 1. This implies the following:
Proposition 10 Existence o f a D MCPM is equivalent to no arbitrage in the ctitious static market.
Arbitrage Opportunities
The absence of arbitrage opportunities is equivalent to the positivity of the linear operator P, i.e., the optimization problem min ; ; 2I P ; ; s.t. X ; ; 0 has a nonnegative minimum. Since we have a priori excluded straightforward static arbitrage opportunities, the only way an arbitrage opportunity can occur comes from a dynamic trade between 1 and 2. We split up this problem.
First, we x an arbitrary payo 2 I R j 2 j at date 2, and then we study the superreplication of i.e., we consider only strategies of the form 0; ; which dominate . 0; ; is a self nanced dynamic strategy which corresponds to investing at date 1 through path independent Arrow Debreu securities and reinvest the proceeds between date 1 and date 2, conditional on the realized state at time 1 in the risky asset and the bond. This leads to the following:
De nition 11 The set of investment strategies is I def = f ; 2 IR j 1 j IR j 1 j jX0; ; X ;0; 0g : An arbitrage opportunity is an investment ; 2 I such that P0; ; P ;0; 0.
The no arbitrage" condition can then be interpreted in the sense that any dynamic strategy 0; ; synthesizes the ;0; 0 payo at a higher price than the static strategy in Arrow Debreu securities of date 2. The relation to the no arbitrage condition is then expressed by Proposition 12 There are no arbitrage opportunities in the ctitious static market if, and only if, there are no arbitrage opportunities for any payo 2 IR j 2 j .
Testing for the Existence of a D MCPM
This section studies a condition on data set D to nd an easy way to check for dynamic arbitrage opportunities. Clearly this can only hold if there are no static ones. Therefore we always assume that property 4 holds. We take as a starting point a homogeneous grid and study the general case only later in this section.
Assumption 13 The option grid is homogeneous at all dates t 2 T .
Similar to property 4, the following characterizes the absence of arbitrage opportunities.
Property 14 Option prices are non decreasing with the exercise date; i.e., for any time t 2 T , K 2 K t and t; C t ; t + 1 ; C t+1 2 D K : C t C t+1 .
Merton 1973 states that under assumption 13 and in the absence of arbitrage opportunities, property 14 holds. It is straightforward to construct the arbitrage strategy if C t C t+1 : we sell the call with maturity t and buy the call with maturity t + 1 , a strategy known as selling a calendar spread. This generates a strictly positive in ow at date 0. At date t if the observed asset price is less than K, w e do nothing. Otherwise, the short call will be exercised; in order to self nance that transaction, we hold the asset short and put the received amount K into the bank account. At date t + 1 , this generates the payo S t+1 , K + , S t+1 , K1 St K 0.
The striking fact is that property 14 is also su cient for the absence of arbitrage opportunities and for ensuring existence of a D MCPM. We will prove this in several steps. First we prove it between two dates t; t + 1 for t 2 T .
Our aim will beto prove that increasing call option prices imply that there are no arbitrage opportunities; i.e., The proof is given in the appendix and proceeds through the following lemma. It proves that there are no arbitrage opportunities, when represents the payo of a short call with strike K and maturity t + 1 .
Lemma 15 Under assumption 13 if K t = t , K t+1 = t+1 and properties 4 and 14 hold, there are no arbitrage" opportunities for = ,s ,
Any concave payo is a linear combination with nonnegative coe cients of short calls for all positive strikes. Using theorem 12, it is then a small step to prove:
Theorem 16 For any date t 2 T , if K t = t , K t+1 = t+1 and under assumption 13, the existence of a D MCPM in the dynamic market consisting of trading dates ft; t + 1 g is equivalent to the following two conditions:
1 Observed c all option prices for a given arbitrary exercise date are p ositive, decreasing and convex in strike property 4. 2 For a given arbitrary exercise price, call option prices are increasing in exercise date property 14.
By theorem 10 this also gives an equivalent characterization of the presence of arbitrage opportunities in the data set. We will now generalize the previous theorem to the case t K t , t+1 K t+1 . This will allow u s t o c o ver the case of the non homogeneous node grid later, too. Furthermore, we n o w study the original market consisting of all dates in T at the same time. This is a tractable way to test for arbitrage opportunities. The convex envelopes of observed option prices are easy to compute. In most standard cases in real applications, they are simply the linear interpolations of observed option prices of a given maturity. Then the simplest construction, where no further nodes have to be introduced is possible.
For example, we can consider the data set of exchange rate option prices used by A v ellaneda, Friedman, Holmes, and Samperi 1997 see 4 There are various ways to choose one. According to our equivalence between a static and a dynamic market, we can treat it as an incomplete two dimensional market. The superreplication prices studied in section 3 correspond to that D MCPM that yields the highest price for all non traded assets.
The Bayesian approach takes a prior, e.g. the Black Scholes setup, and looks for the minimal departure from this model consistent with the observed option prices. In the nancial literature, L 2 criteria have been used by Rubinstein 1994 and Jackwerth and Rubinstein 1996 among others for pricing options. On the statistical side, these criteria appear in Hansen and Jagannathan 1997 and Luttmer 1997. The cross entropy criterion has been used by Buchen and Kelly 1996 , Jackwerth and Rubinstein 1996 , and Avellaneda, Friedman, Holmes, and Samperi 1997 . Also known as the information optimization criterion, it is well established in probability theory and the statistical literature for its superiority in lling in missing information. We will therefore adopt it here.
We study the case of all dates by looking at each path over time as a di erent state. We assume that they are in some linear order and index them by i, i 2 f1; : : : ; Q t2T j t jg=A. Let us denote by M the set of all probability measures on the state space A associated with an MCMM and by M D , the subset of those probability measures associated with a D MCPM. We are given an a priori probability measure P 2 M , allowing explicitly for the fact that P might not be consistent with the observed option price.
The cross entropy of a probability measure Q 2 M is de ned by HQ Existence of such a positive Q 0 follows: e.g., if all marginal distributions are strictly positive and the conditions of the previous section are ful lled, we can simply redistribute part of the transition probability mass appropriately for any Q to ensure its strict positivity.
We n o w explain the implementation of our approach using the dataset of Avellaneda, Friedman, Holmes, and Samperi 1997 | introduced in section 5 | in detail. We will draw some interesting conclusions from our implementation and compare them with the results obtained by Avellaneda, Friedman, Holmes, and Samperi 1997. We deduced from gure 1, together with theorem 20, that there are no arbitrage opportunities and that a D MCPM exists.
Besides the fact that we c hose nodes identical to strikes, as explained in section 2, a full speci cation of our approach requires introducing dummy" nodes at each date above the highest node s max t and below the lowest node s min t of the grid. To do so, we rst choose a constant factor . Then we study the di erence between the highest ones and introduce the new node above the highest one so that the di erence is exactly times the di erence before. If s s 0 denotes highest second highest, then the new one is at s + s , s 0 .
We proceed similarly for the new one below. It then remains to specify . The highest lowest node has to carry the probability w eight for all possible higher lower movements. It should therefore not be chosen too small. We Table 3 Transition between date 2 and 3 tested several factors, but only those with 5 worked well, producing adequate results in the marginal distribution. We therefore adopted = 5 in this analysis.
The second choice is the prior. We adopted a trinomial prior where for inner nodes i and for the outer most nodes add the probability of the missing node to the one corresponding to the starting node. Here t def = j t j denotes the numberof nodes at date t. This prior will, in general, not be consistent with the observed option prices. However, it supports good the fact that we would like a departure as small as possible from the Black Scholes setup to make it compatible with the observed option prices. Furthermore it is similar to a trinomial model which represents the fact that it is only a discrete approximation to some continuous time model. We nevertheless scrambled the probabilities slightly to allow for non zero probability weights also in non adjoint nodes. A lognormal prior | the Black Scholes model | yields similar results in the following implementation..
We then proceeded exactly as described in the previous subsection. Tables 2  to 5 contain the transition matrices in the form found throughout the paper. To make them more easily accessible, however, we index them directly by the nodes. In parentheses we have put the corresponding probabilities resulting from a Black Scholes model with constant volatility of 0:15 p.a. The last Table 5 Transition between date 4 and 5 column contains the local volatility of the risk adjusted process.
Except for the column furthest to the left, we see that the lower left hand part is always di erent from the Black Scholes case, where it is zero. The market anticipates a strictly positive probability for large downward movements. The fear of crashes" seems to bepresent in the observed option prices or, di erently, an appropriate model should allow for jumps in the underlying prices. We observe a similar pattern in the upper right hand part, indicating that there is a strictly higher probability for large upward movements. Although this e ect seems to be similar to fat tails," however, here it is much more pronounced since it attributes high" probability b e t ween 0.01 and 0.07 on zero events, and we see it in the conditional evolution in the future. The observation that the rst column is zero might beattributable to the fact that is too large. With the exception of the last row we nd a U shaped form for the local volatility".
Conclusion
We calibrated a risk neutral asset process to observed call option prices under the assumption that the discounted asset prices follow a Markov chain. We proved that existence of such a Markov c hain is equivalent to the condition that call option prices are decreasing and convex in the strike price and increasing in the exercise date. An important technique we used throughout was to reduce our dynamic market to a static one with extra constraints due to the possibility of dynamically trading in the bond and the risky asset. We characterized the superreplication price of a call in both a static and dynamic framework. The bid ask spread was shown to be reduced due to the trade ability of other options. We applied the Bayesian approach to infer the optimal" measure and revealed surprising results.
A Proofs
Proof of proposition 9 The set of attainable claims is clearly f S 1 S 2 , S 1 + P t;K;C2D a t;K S t , K + ja 2 I R j 1 j I R j 2 j ; 2 I R j 1 j g. Proof of proposition 12 If there exists an arbitrage opportunity ; ; such that X ; ; 0 and P ; ; 0, then by linearity o f X and P we get X0; ; X, ; 0; 0 and P0; ; P, ;0; 0, which means that the superreplication price is strictly below the replication price.
Conversely, a n y arbitrage opportunity i s o b viously an arbitrage opportunity in the strict sense.
Proof of lemma 15 Let us rst x a call with strike K and maturity date t+1
and denote by C t ; C t+1 the two call prices and by i K the node corresponding to the strike. We address the problem by backward induction and consider in state at date t the minimum amount of numeraire to be held in order to superreplicate the short call payo at date t + 1 : The optimal superreplication strategy splits up into two cases:
1 For i K : From + S ,S , K + = 0, we deduce that V 0. Since = = 0 satis es the constraint + s = 0 ,s , K + for any s 2 t+1 , we deduce that the optimum is attained at V = 0 . By assumption, the price of the short call with strike K and maturity t is larger than ,C t+1 = P ;0; 0; this proves the assertion. Together with property 14, this proves that there are no arbitrage opportunities for any concave payo .
In the case of a general payo at date t + 1 , w e will denote by the concave envelope of . Similar to lemma 15, we test for arbitrage and study the optimization problem in every state at time t:
The concave e n velope is by de nition the solution of this optimization problem. Thus, we have V = and so In other words, the superreplication price of is equal to the superreplication price of its concave envelope. The absence of arbitrage opportunities in the static market at time t + 1 and imply P ;0; 0 P ;0; 0. By the preceding study of concave payo s, we get inf ; 2I P0; ; P ;0; 0 ; which guarantees the result. The proof now follows with proposition 12 and proposition 10.
Proof of proposition 17 According to proposition 10, we only need to check for arbitrage opportunities. Necessity is the result of Merton 1973 stated at the beginning of section 5.
In the case of only two exercise dates, su ciency follows directly from theorem 16 since aD MCPM is also a D MCPM. With several exercise dates, let us rst note that the marginal densities of S t , t are uniquely determined from the option prices t; K;Ct; K 2D. From the above argument, looking at only two dates, follows the existence of a set of joint probabilities P S t = x; S t+1 = y ; x; y 2 t t+1 such that: 8x; y 2 t t+1 : P S t = x = t x; P S t+1 = y = t+1 y and 8x 2 t : P y2t P S t = x; S t+1 = y y , x = 0 . W e can de ne a stochastic matrix t by t x; y = P S t = x; S t+1 = y t x = P S t+1 = yjS t = x :
Now, for t 2 T , the MCMM de ned by t has marginal densities equal to t and is thus both consistent with the option pricesCt; K; K 2 and with the smaller set of observed option prices Ct; K; t 2 T ; K 2 . Moreover, it ful lls the martingale restriction and so it is a D MCPM.
Proof of proposition 19 Absence of arbitrage opportunities implies there is a D MCPM which we represent here by P . Proposition 17 implies that the option prices C t; K; K 2 t ; t 2 T generated by P are convex and ful ll 8 t 8K 2 : C t; K : C ;K = C ;K The superreplication price Ct; K is the supremum of C taken over all possible P given by D MCPM's.
Ct; K inherits the convexity from C t; K.
It also clearly satis es by de nition 8 t 8K 2 : Ct; K E t K. This proves directly the rst part of the assertion.
Whatever D MCPM P , we have 8K 2 t : C t; K = Ct; K. Thus Ct; K = Ct; K. From the rst part follows that Ct; K = Ct; K E t K. On the other hand, E t K Ct; K; this implies C = E t K. By proposition 17, there exists a D MCPM which then has, by de nition, C = C. This proves the second assertion.
Proof of theorem 20 To prove the theorem, we apply proposition 10. First we prove the theorem in the homogeneous case of assumption 13. By proposition 19, we need only to study su ciency: The convex envelope fE t Kjt 2 T ; K 2 g provides a set of option prices consistent with observed option prices: 8t 2 T ; K 2 t : E t K = Ct; K :
By de nition E t K is convex in K and is also clearly increasing in t. Thus, we can apply proposition 17 and prove the absence of arbitrage opportunities. Now we address the general inhomogeneous case. First we prove necessity by contradiction: Assume the condition would not hold. Then, by de nition of the convex envelope, there exists a C ; t;K 2 D such that E t K L t K, where L t K is the linearly interpolated value corresponding to the next traded strike to the left and right. However this constitutes an arbitrage opportunity as in Merton 1973 , cited at the beginning of section 5. This contradiction proves the rst part. Now we prove su ciency and study a ctitious model with the thinnest grid corresponding to all nodes in which w e set the call option prices corresponding to the additional strikes equal to their price resulting from interpolating the option prices of the next two traded options strikes. This will result in the same E. The above argument for the homogeneous case ensures existence. By construction of this ctitious model, the additional nodes have zero probability weight. Therefore we can translate the ctitious model directly back into our original model. Proof of proposition 22 Let us for the moment consider an arbitrary nite set of couplesD = fX j ; C j ; 1 j Jg, where X j is a derivative asset and C j , its price. We denote byM the set of probability measures on the state space A = N t2T t consistent withD; they do not necessarily have to be associated to MCMM. We h a ve M D M M . Then we study the following optimization over the set of probability measures absolutely continuous w.r.t. to P and consistent withD: We identify the elements ofM D with the elements of the simplex of I R jAj and, similarly, X j with an element in I R jAj . The set of absolutely continuous measure w.r.t P and consistent withD is a closed bounded set of I R jAj and the optimization criterion is continuous; since M D 6 = ;, there exists an optimal probability measure Q absolutely continuous w.r.t. P . The rst term admits a limit when ,! 0, while the second term tends to ,1. T h us there exists some such that HQ H Q which contradicts the assumption and proves that Q is an equivalent measure to P .
Therefore there exists an interior solution Q 0; i.e., the inequality constraints are not binding. which proves the desired result.
